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Abstrat
The binding energies of twodimensional lusters (puddles) of
4
He are alulated in the framework
of the diusion Monte Carlo method. The results are well tted by a mass formula in powers of
x = N−1/2, where N is the number of partiles. The analysis of the mass formula allows for the
extration of the line tension, whih turns out to be 0.121 K/Å. Sizes and density proles of the
puddles are also reported.
1
I. INTRODUCTION
In reent years, a great deal of work has been devoted to study quantum liquids in
restrited geometries.
1
One important feature of these systems is that their internal struture
beomes more easily observable than in bulk liquids due to the restrited motion of the
partiles in the onning potential. Among these systems the study of quantum lms has
reeived partiular attention. They onsist of liquid helium adsorbed to a more-or-less
attrative at surfae. In 1973 M. Bretz et al.
2
observed for the rst time the adsorption
of
4
He onto the basal plane of graphite. In the last few years, adsorption properties of
helium on dierent substrates suh as arbon, alkali and alkaline-earth at surfaes, arbon
nanotubes and aerogels have beome a fertile topi of researh.
The struture and growth of thin lms of
4
He adsorbed to a substrate was studied by
Clements et al.
3
employing the optimized hypernetted-hain Euler-Lagrange theory with
realisti atom-atom interations. It turns out that lms with low surfae overages, where all
atoms over the surfae with a thikness orresponding to a single atom, an be approximated
reasonably well by a 2D model. In onnetion with these systems, an interesting question
naturally arises as how physis depends on the dimensionality of the spae.
The homogeneous 2D liquid has been studied using dierent theoretial methods, suh
as moleular dynamis
4




tehniques. The inhomogeneous ase was studied by Krishnamahari and
Chester,
7
who used a shadow variational wave funtion to desribe 2D puddles of liquid
4
He. In this work we report energies and density proles of puddles alulated within the
diusion Monte Carlo (DMC) method. Our main objetive is to give an aurate estimate
of the line energy or the line tension of the 2D liquid
4
He. As atom-atom interation we
have used the revised version of the Aziz potential dubbed as HFD-B(HE).
8
This potential







framework, and it has proved to aurately reprodue the groundstate properties of both
liquids at zero temperature.
The trial wave funtion used for the importane sampling in the DMC alulation is
introdued in Setion II, where the variational Monte Carlo results for this wave funtion
are also reported. A brief explanation of the DMC tehniques used in the present paper is
presented in Setion III. Setion IV ontains the DMC results and their analysis in terms
2
of a mass formula in 2D. The line tension is extrated from this mass formula. Properties
haraterizing the puddles, suh as the density proles, are disussed in Setion V. Finally,
the main onlusions are summarized in Setion VI.
II. VARIATIONAL GROUNDSTATE ENERGIES




















written in the same way as in the 3D ase.
11
The oordinateR indiates the set of oordinates
of all the partiles {r1, r2, ..., rN}, while rij stands for the interpartile distane, rij = |rj−ri|.
The trial wave funtion ontains the simple MMillan form
12
to deal with the very short-
range part of the interation, and the translationally invariant part of a harmoni osillator
(HO) wave funtion with parameter α, to roughly onne the system.
In our alulations the value h¯2/m4 = 12.1194 K Å
2
has been employed for the atom
mass and the parameters b and ν have been xed to the values 3.00 Å and 5, respetively,
the same values as in 3D alulations. The variational searh has thus been restrited to
the HO parameter α, whose optimal value is given in Table I. The expetation value of
the Hamiltonian, as well as the separate ontributions of kineti and potential energies are
given in the same Table for puddles with N atoms. It an be seen that the total energy
results from an important anellation between kineti and potential energies, whih is in
fat larger than in the 3D ase. Let us reall that in 3D bulk, the energy per partile results
from adding ≈ 14 K of kineti energy with ≈ −21 K of potential energy. In 2D, both kineti
and potential ontributions are very lose to eah other, whih makes the alulation very
deliate.
In the last olumn of Table I the VMC results of Krishnamahari and Chester
7
are
reported. As ompared with their results, our alulations provide smaller binding energies,
in spite of the fat that the interation used in Ref. 7 is an older version of the Aziz potential,
whih tends to underbind the systems. In fat, the shadow wave funtion used in Ref. 7
ontains more elaborated orrelations not present in our simple trial wave funtion. The
VMC energy for the bulk system orresponds to the saturation density, ρ0 = 0.04344 Å
−2
,
taken from the DMC alulation of Ref. 6.
3
We have also performed alulations using a dierent trial wave funtion, replaing the



















expeting that this larger tail in the wave funtion will result in more binding. Atually, we
do not nd signiant dierenes for small values of N . For instane, in the ase N = 8,
using the same values for b and ν as before, we get E/N = −0.2178(5) K, T/N = 1.266(2)
K, V/N = −1.484(2) K for α = 0.035 Å−1. When the values of b, ν and α are optimized,
we obtain a slightly larger binding energy, E/N = −0.2267(8) K for b = 3.04 Å, ν = 5.0
and α = 0.035 Å−1. For greater values of N , the gaussian ansatz tends to provide more
binding than the exponential. For example, with the exponential ansatz, for N = 16 we get
E/N = −0.1816(7) K for α = 0.023 Å−1, and optimizing the dierent parameters one gets
E/N = −0.2514(6) K, with b = 3.04 Å. In onlusion, the gaussian wave funtion seems
appropriate to be used as importane sampling in the DMC alulations.
III. DIFFUSION MONTE CARLO GROUNDSTATE ENERGIES
Quantum Monte Carlo (QMC) methods provide the exat groundstate energy of a boson
system, exept for statistial errors. These tehniques solve numerially the Shrödinger
equation by means of a statistial simulation. They have been widely desribed in the
literature; hene we briey reall here the main ideas, referring the reader to, for example,
Ref. 13 for a more detailed desription on QMC tehniques. In this work we use the diusion
Monte Carlo (DMC) method to solve the Shrödinger equation in imaginary time (τ = it)
for the funtion
f(R, τ) = ΦT (R)Ψ(R, τ) (3)
where R represents all the partile oordinates and is usually alled the walker, Ψ(R, τ) is
the wave funtion of the system, and ΦT (R) is the previously determined trial wave funtion
(Set. II), used here as importane sampling. It is onvenient to write the solution of the
time-dependent Shrödinger equation in the following form




where G is the time-dependent Green's funtion and is formally written as
G(R,R′; τ) = 〈R | e−H τ | R′〉 (5)
where H is the Hamiltonian of the system. The funtion G(R,R′; τ) represents the ampli-
tude probability for the transition from an initial state R
′
to a nal one R in a time τ . In
the limit τ →∞, Eq. (4) gives the exat groundstate wave funtion. Thus, knowing G for
innitesimal time steps ∆τ , the asymptoti solution for large times f(R, τ → ∞) an be
obtained by solving iteratively the above equation. To this end, the exponential entering
Eq. (5) is approximated to some xed order in ∆τ . Both rst and seond order9 propagators
have been implemented in the present work and both of them provide the same extrapolated
energy, within statistial errors, using the trial funtion ΦT of Eq. (1) as guiding funtion.
Our simulations have been arried out with a population of typially 400 walkers. As usual,
some runs are rst done to establish the asymptoti region of the short time propagator, then
several values of the time step have been used, and nally a t, either linear or quadrati,
has been arried out to obtain the extrapolated energy. For example, for N = 16 the time
steps 0.0001, 0.0002, 0.0003, and 0.0004 have been used to perform the extrapolation. In
general, the statistial error is of the order of the time step error in our alulations.
In Table II we present the results of our linear DMC alulations of the total energy per
partile for puddles ontaining N atoms. We have also reported and reprodued the results
of the binding energy per partile of homogeneous 2D liquid
4
He at the equilibrium density
ρDMC
0
= 0.04344(2) Å−2; obtained in Ref. 6, where the same version of the Aziz potential
was used. For this ase, the simulations have been arried out for a system of 64 atoms
with periodi boundary onditions, for whih the errors due to nite size eets are smaller
than the statistial ones
5
. We have also performed quadrati DMC alulations for some
puddles, and found results whih are ompatible with the linear DMC ones within their
error bars. For example, the quadrati algorithm provides Equad = −0.2612(2) K for N = 8
and −0.652(4) for N = 64. As expeted, the DMC results lower the orresponding energies
obtained by VMC either with our simple variational wave funtion or with a shadow wave
funtion,
7
by up to ∼ 25% in the ase of the bulk system. It is worth mentioning that the
nal DMC result for the energy does not depend on the trial wave funtion for a boson
system like the studied here, a fat that in the present ase has been numerially heked
for the Gaussian and the exponential ansatzs, Eqs. (1) and (2). Indeed, for boson systems
5
the DMC method provides exat groundstate energies, within statistial errors.
IV. ENERGY AND LINE TENSION
For a saturating self-bound system, the groundstate energy per partile an be expanded
in a series of powers of the variable N−1/D, where N is the number of onstituents and D is
the dimensionality of the spae. This is the well-known mass formula, whih in the present
ase writes
E(N)/N = εb + εlx+ εcx
2 + · · · (6)
with x = N−1/2. The two rst oeients of this expansion are the bulk energy εb and the
line energy εl, out of whih the line tension λ is dened by 2pir0λ = εl. Here r0 is the unit
radius, dened as the radius of a disk whose surfae is equal to the inverse of the equilibrium
density of the 2D bulk liquid, i.e. ρ0pir
2
0
= 1. Finally, εc is the so-alled urvature energy.
Our alulated groundstate energies (Tables I and II) are plotted in Fig. 1 as a funtion
of N−1/2. One an see that the dierenes between our VMC and DMC energies inrease
with the number of atoms in the puddle. This learly mirrors the simpliity of the trial
wave funtion, whih ould be improved by inluding, for example, three-body orrelations.
Nevertheless this trial funtion is adequate for the importane sampling in the DMC alu-
lation.
We have tted these energies to a paraboli mass formula like Eq. (6). The oeients
of the t are given in Table III, together with the dedued line tension. Notie that the
oeient εb is idential, within statistial errors, to the bulk energy per partile of Table II.
In fat, the χ2 of the t is very small, χ2 = 5.7 × 10−6. Regarding the line tension, and
despite using a dierent version of the Aziz potential and a dierent trial funtion, we notie
that our VMC estimate is rather lose to the one reported in Ref. 7, λ = 0.07 K/Å. However,
both VMC results are remarkably dierent from the DMC line tension, λ = 0.121 K/Å.
To stress the urvature eet we have also plotted in the gure a straight line between
the N = 8 and bulk DMC values. A linear t of the DMC energies gives oeients
εb = −0.885 K and εl = 1.80 K, whih are appreiably dierent from the previous ones. The
bulk energy extrapolated from this linear t diers from the diretly alulated value, and
the orresponding line energy is loser to the variational one, thus giving a bad estimation
for the linear tension. In all ases, the line energy oeient is approximately minus twie
6
the volume energy term, similarly to the 3D ase,
11
and therefore one expets urvature
eets to be important. In both VMC and DMC ases the extrated εc is negative, i.e. the
binding energy is a onvex funtion of x as it also happens for the 3D lusters11. This is
in ontrast with the value of εc reported in Ref. 7 whih was positive but rather smaller in
absolute value and with larger error bars. Atually, as argued in Ref. 11 for 3D lusters,
one would expet the urvature orretion to the energy of a irular 2D luster to be
positive. Therefore, one should take the extrated value for εc with ertain aution and not
to emphasize its physial signiane. However, it turns out that the value and sign of εc
are stable against dierent possible ts, e.g., hanging the number of points to build the t,
or using a ubi mass formula. In any ase the two rst oeients εb, εl are quite robust
against all performed ts. As an illustration, if one takes out the bulk point, the predited
bulk energy per partile and surfae tension are equal to the reported ones within 1% and





The alulation of observables given by operators that do not ommute with the Hamilto-
nian poses new problem to the DMC method. After onvergene, the walkers are distributed
aording to the so-alled mixed probability distribution given by the produt of the exat
and the trial wave funtions. Therefore averaging the loal values of the operator does not
give the exat expetation value unless the operator ommutes with the propagator. The
result obtained by straightforward averaging is the mixed estimator whih is of rst order
error in the trial wave funtion. Several options have been proposed in the literature in
order to obtain unbiased (trial funtion independent and exat) values. In this work we
have used the so alled forward or future walking tehnique
13
to alulate unbiased, also
alled pure, density proles. The key ingredient to orret the mixed estimator is to inlude
as a weight in the sampling the quotient Φexact(R)/Φtrial(R) for eah walker, given by the
asymptoti number of walkers. Several algorithms have been proposed in order to ompute
this quantity. In this work we use the algorithm developed in Ref. 14 that onstitutes a
simple and eient implementation of the future walking method.
The pure DMC estimates of the density proles for several puddles are plotted in Fig. 2.
7
The gure also ontains an horizontal line whih indiates the saturation density (ρDMC
0
) of
the homogeneuos system. For the puddle ontaining 36 atoms, the VMC prole obtained
from a Gaussian ansatz (Eq. (1)) is also shown for omparison as a dotted line. As one an
appreiate in the gure, the proess of optimization implied by the DMC method hanges
the prole reduing its thikness, i.e., produing a sharper surfae. It an be seen that
for the smaller lusters the entral density is below ρ0, while for the larger values of N
shown in the gure the entral density is above ρ0, indiating a leptodermous behaviour.
One expets that, inreasing the number of partiles, the entral density will approah ρ0
from above, as in the 3D ase.
15,16
It is worth notiing the osillating behaviour in the
interior part of the density prole for N = 121. It is diult however to deide whether
these osillations are genuine or are simply due to a poor statistis in evaluating the pure
estimator. Unfortunately, to disard this last option would require an exeedingly long
omputing time, within the sheme of this work.
The solid lines plotted in Fig. 2 are ts to our DMC densities provided by a generalized








The parameters dening the Fermi prole are given in Table IV together with the thikness
t and the root mean square (rms) radius 〈r2〉1/2. We have heked that the rms radius
alulated within the DMC ode and the one derived form the t agree to better than 0.5%,
exept for the N = 121 ase, where the dierene is 1%. The rms radius grows with the
number of partiles as N1/2, as expeted. Therefore it grows faster than in 3D, in whih
ase grows as N1/3. This behaviour allows for an alternative determination of the saturation







The extrated value of ρ0 from the mean square radius reported in Table IV is 0.043 Å
−2
, in
good agreement with the determination from the alulation for the homogeneous system.
In the interval of N onsidered, the thikness t, dened as the distane over whih the
density falls from 0.9 of its value at origin to 0.1, is ontinuously inreasing. However, as the
nite value of the thikness for the semiinnite system should dene the asymptoti value
of t, one expets that for larger puddles the thikness will probably have a maximum and
8
smoothly approah this asymptoti value, as happens in the 3D ase.
15
Finally, one also
observes the asymmetri harater of the density proles with respet to the point at whih
the density falls at half its value at the origin. This an be appreiated by looking at the
value of ν, whih grows with N , and also to the inreasing dierene between the quantities
R and 〈r2〉1/2.
VI. SUMMARY AND CONCLUSIONS
In this work we have onsidered stritly twodimensional systems of liquid
4
He, whih are
of ourse an idealization of a real quantum lm. They are nevertheless interesting beause
their study an enlighten the underlying struture of real quasi-2D systems. Of ourse, in
the latter ase, one has to take also into aount the interation with the substrate, whih
basially provides a global attrative potential. In the ideal 2D ase, the suppression of
the wave funtion omponent in the third dimension, produes an inrement of the global
repulsion between atoms, resulting in a smaller binding energy per partile, and a derease
of the equilibrium density.
17
The binding energies of twodimensional
4
He lusters, alulated by means of a diusion
Monte Carlo method, are well tted by a mass formula in powers of x = N−1/2. The
analysis of the mass formula provides the main result of this paper, namely the value of the
line tension λ = 0.121 K/Å, whih signiantly diers from the one obtained from a similar
analysis of VMC data and the one previously reported in the literature
7
. The quadrati term
of the mass formula annot be negleted and results in a negative value of the urvature
energy as in the 3D ase.
11,16
However, the studied lusters may be too small to give physial
signiane to this result.
The density proles obtained with the pure estimator have been tted by a generalized
Fermi funtion, and the behaviour of the rms radius and the thikness as well as the asym-
metry harater of the prole as a funtion of N have been disussed. However, alulations
for larger puddles, whih are out of the sope of the present paper due to limitations in
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TABLE I: Variational results for the groundstate energy per partile E/N of 2D 4He puddles of
various luster sizes. The onning HO parameter α is given in Å−1 and all energies are in K. The
expetation values of the kineti and the potential energies are also displayed. The olumn labelled
KC refers to the VMC results of Ref. 7.
N α E/N T/N V/N KC
8 0.1565 -0.2239(2) 1.3003(6) -1.5242(5) 
16 0.129 -0.3510(2) 1.7354(6) -2.0864(5) -0.380(8)
36 0.094 -0.4532(4) 2.031(3) -2.484(3) -0.471(7)
64 0.073 -0.4961(7) 2.159(2) -2.655(2) -0.528(5)
121 0.054 -0.5241(6) 2.223(2) -2.747(2) -0.570(7)
165 0.047 -0.5328(3) 2.289(1) -2.822(1) -0.602(7)
512 0.0266 -0.5493(5) 2.282(3) -2.831(3) -0.621(2)
∞ 0.0000 -0.6904(8) 4.312(2) -5.003(1) 
TABLE II: Energy per partile (in K) for 2D
4
He puddles for various luster sizes obtained with
the DMC algorithm.
N 8 16 36 64 121 ∞
E/N -0.2613(4) -0.4263(4) -0.578(2) -0.658(4) -0.710(2) -0.899(2)
TABLE III: Coeients (in K) of a paraboli t of the mass formula, as given in Eq. (6). The last
olumn displays the dedued line tension (in K Å
−1
).
εb εl εc λ
VMC -0.654(1) 1.41(1) -0.62(2) 0.083(1)
DMC -0.898(2) 2.05(2) -0.71(3) 0.121(1)
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TABLE IV: Parameters of a Fermi-prole t to the density proles. All lengths are in Å and ρf is
in Å
−2
. The parameter ν is adimensional.
N ρf R c ν t 〈r
2〉1/2
8 0.03740 9.308 2.156 1.739 8.166 7.20
16 0.04204 13.38 2.656 2.284 9.580 9.18
36 0.04305 19.47 3.104 2.400 11.11 12.91
64 0.04386 26.68 3.783 3.111 13.09 16.68
121 0.04304 40.09 5.566 4.714 18.52 23.15















FIG. 1: Energies per partile (in K) of N -atom puddles as a funtion of N−1/2, obtained from our
VMC (squares) and DMC (irles) alulations. The interation used is Aziz HFD-B(HE). Dashed
and solid lines orrespond to a least square t to these energies. The dot-dashed line is a straight
line between the N = 8 and bulk DMC values.
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FIG. 2: Density proles for
4
He puddles with various number of atoms, N = 8 (irles), 16 (squares),
36 (diamonds), 64 (triangles up) and 121 (triangles down), obtained from our pure estimators
for the linear DMC alulations. The solid horizontal line indiates the saturation density of the
homogeneous system. The dotted line is the VMC prole for N = 36 with a Gaussian trial funtion.
The gure also ontains the ts to the data provided by a generalized Fermi funtion, as explained
in the text.
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